We present the three-loop analytical QED results for the asymptotic expression of the photon vacuum polarization function I7 in the MS-scheme. Using the recently obtained four-loop results for the QEDp-function in the MS-like and MOM schemes (&,sand V/-functions) and for (g-2 ),, we get the four-loop QEDp-function in the on-shell scheme.
1. One of the most important quantities, entering various QED and standard model investigations and applications.
is the photon vacuum polarization function I7. In QED its asymptotic three-loop expression in the on-shell (OS) scheme has been known for many years (see e.g. ref. [ 1 ] ). However, up to recently the three-loop non-logarithmic term of IZ remained unknown. At present its total value is known numerically in the OS-scheme from the unification of the four-loop numerical calculations of the muon anomalous magnetic moment (g-2),
[ 21 with the corresponding renormalization group (RG) theoretical studies [ 31. Moreover, recently the part of this term (namely, the contribution to I7of the three-loop diagrams with two fermion loops) was calculated in the OS-scheme even analytically [ 41.
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In this work we present the analytical three-loop expression for Z7in the MS-scheme. These results have been previously obtained by us in the course of the work [ 5 ] and recently confirmed during the four-loop QED studies [ 6.71. All results were obtained with the help of the original program [ 81 written for the previous version of the system [ 9 1. We also use the recent numerical [ 21 and analytical [ 41 three-loop results for Z7 in the OS-scheme and the four-loop analytical QED results for the QED P-function in the MS-like and momentum ,20-7 +/~(E)aT
where the QED fl-function and the anomalous dimension function 7m are defined as
The three-loop approximation of the 7m-function has been calculated in the MS-like scheme in ref. [10] . The results of these calculations read [ 10 ] ;,o = 3, ~,, =(~-'4N),
The coefficients of the flMs-function are known even at the four-loop level [7] :
The corresponding asymptotic three-loop approximation of the photon vacuum polarization function H can be defined as 142
EH(x, I ,I E)
In the MS-scheme the results of our three-loop calculations read
and
where the m, are the masses ofleptons propagating in the internal loops of the corresponding three-loop diagrams. The results (2.9) have been obtained in the course of similar QCD calculations [ 11 ] . The correction of the numerically insignificant misprint in the ~(3)-term in a~2) obtained in ref. [11 ] was ~ 3J done in ref. [ 12] with the help of the program of ref. [ 13 ] . In the course of the calculations the method of the dimensional regularization [ 14] and the integration-by-parts algorithm [ 15] inspired by the ideas proposed in ref. [ 14] were used. Using the corresponding RG equations one can show that the coefficients in eqs. (2.11)
3. It was shown in ref. [ 7 ] that using the RG transformation equations between the riMs-function and the %function, namely tiP( EMOM ) = c')EMoM ( EMS ) riMS ( EMS ) , ( 3.1 ) 0EMs one can obtain the corresponding four-loop expression of the %function (see ref. [7] ):
The %function is connected with theflos-function by the following relation: The corresponding three-loop coefficients of the photon vacuum polarization function Hos, namely A OS (i= 1,2), BI °s (i= 1, _v, 3) and ,-3cx)s, have been previously presented in a number of works on the subject (see e.g. refs [1, 6] ). The non-logarithmic coefficients A~ enter the RG relation derived in ref. [6] we arrive at the following (partly numerical) expression for the coefficient flos: (3. 10) The order N-term in eq. (3.10) coincides with the ones in eqs. (2.6), (3.2) due to the property of universality which is fulfilled within the MS-like, MOMand the OS-schemes. The analytical N 3-contribution is known from the results of refs. [4, 6 ] . Thus, the analytical calculation of the N2-contribution to the fl~S_function is on the agenda. This problem is closely related to the analytical evaluation of the d3,~-term in the OS-scheme (e.g. starting from the results of eq. (2.8) in the MS-scheme) and therefore to the analytical calculation of certain four-loop diagrams contributing to (g-2), [3] . We are going to consider this problem in the future. The results ofeq. Note that in all three cases the four-loop coefficients are negative and relatively sizeable (comparatively to the previous three coefficients). These resuits also indicate that in spite of the asymptotic enhancement of the absolute values of the corresponding coefficients the possible sign-alternating character of the QED perturbative series [ 16 ] does not manifest itself for the four-loop approximations of the QED fl-functions in the different renormalizalion schemes. This conclusion is not surprising since the status of the QED estimates [ 16 ] remains unclear.
